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5_^ , Abstract. In this paper, some new inequalities of the Hermite-Hadamard 

Cw ■ type for ?t— convex functions via Riemann-Liouville fractional integral are given. 

in 

1. INTRODUCTION 

•^ . Let /:/CM— j>Mbea convex function and let a,b £ I, with a < b. The 

C) ' following inequality; 

-3'- n^^ f/^" + ^^<- ^ T f^ w ^ M±M 

t^: (1-1) n^-^^A^^"^ - — ^ — 

is known in the literature as Hadaniard's inequality. Both inequalities hold in the 
reversed direction if / is concave. 

In [1 , Varosanec introduced the following class of functions. 

> 

00 ' Definition 1. Let /i:JcM— ?>R be a positive function. We say that / : / C K ^> 

R is h— convex function or that f belongs to the class SX{h,I), if f is nonnegative 
VL; ' (md for all x,y £ I and A G (0, 1) we have 

Cn: (1-2) f{Xx + il-X)y)<h{X)fix) + h{l-X)f{y). 

o ■ . , 

rvq . If the inequality in ()1.2p is reversed, then / is said to be /i— concave, i.e., / £ 

SV{h,I). 

Obviously, if h (A) — A, then all nonnegative convex functions belong to SX {h, I) 

and all nonnegative concave functions belong to SV{h,I); if /i(A) = j, then SX{h, I) 

X ■ Q(^); if H>^) = 1, then SX{h, I) D P{I) and if h{X) = X\ where s £ (0, 1) , then 

J^ ' SX{h,I) 3 K^. For some recent results for /i— convex functions we refer to the 

- - - interested reader to the papers [2]- [6]. 

Definition 2. [See 2 ] A function h : J ^ M is said to be a superadditive function 
^I 

(1.3) h{x + y) > h{x) + h{y) 

for all x,y £ J . 

In [3j, Sarikaya et al. proved the following Hadamard type inequalities for 
/i— convex functions. 



2000 Mathematics Subject Classification. 26D15, 41A51, 26D10. 

Key words and phrases. Riemann-Liouville fractional integral, /i— convex function, Hadamard's 
inequality. 

1 



2 MEVLUT TUNg 

Theorem 1. Let f G SX{h,T), a,b £ I with a <b and f G Li[a,b]. Then 

(1-4) ^^ry/ (^) ^ 5^ / /(^)^^ ^ [/ W + /(^)] /' '^(")^"- 

In [16] . Sarikaya et al. proved the following Hadamard type inequalities for 
fractional integrals as follows. 

Theorem 2. Let / : [a, 6] — > K. be positive function with < a < b and f G 
Li[a,b]. Iff is convex function on [a,b], then the following inequalities for fractional 
integrals hold: 

with a > 0. 

Now we give some necessary definitions and mathematical preliminaries of frac- 
tional calculus theory which are used throughout this paper. 

Definition 3. Let f G Li[a,b]. The Riemann-Liouville integrals J"+f and J^-f of 
order a > with a > are defined by 

X 

j:^f{x)^-^lix^tr-'fit)dt, x>a 

a 

and 

b 

Jb- fi^) = Y^l (t - ^r~' fit)dt, ^ < b 

X 

oo 

respectively where T{a) = J e~'^u"^^du. Here is J^+f{x) — J^-f{x) = fix). 



In the case of a = 1, the fractional integral reduces to the classical integral. 

For some recent results connected with fractional integral inequalities see [5]-[T5] 
and [16]. 

In |16j , Sarikaya et al. proved a variant of the identity is established by Dragomir 
and Agarwal in [3 Lemma 2.1] for fractional integrals as the following. 

Lemma 1. Let / : [a, 6] — > M 6e a differentiable mapping on (a, b) with a < b. If 
/' G L[a,b], then the following equality for fractional integrals holds: 

^~" ^ [{l-tf -t°']f'{ta + {l-t)b)dt. 



The aim of this paper is to establish Hadamard type inequalities for /i— convex 
functions via Riemann-Liouville fractional integral. 
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2. MAIN RESULTS 

Theorem 3. Let f G SX{h,r}, a,b ^ I with a < b and f G Li[a,b]. Then one has 
inequality for h— convex functions via fractional integrals 

(2.1) J^^iJaAb) + J"-{a)] 

< [f{a) + f{b)] f r-i [h{t) + h{l - t)] dt 
Jo 

< '-m±m(f\n^,))Ut ' 

{ap - p+ l)" \Jo 
where p^^ + q^^ = 1- 
Proof. Since / G SX{h, I), we have 

fitx + (1 - t)y) < h{t)f{x) + h{l - t)f{y) 

and 

/((I - t)x + ty) < hil - t)f{x) + hit)fiy). 
By adding these inequalities we get 

(2.2) fitx + (1 - t)y) + /((I - t)x + ty) < [h{t) + h{l ~ t)] [f{x) + f{y)] . 
By using (J2.2I) with x — a and y — b we have 

(2.3) /(to + (1 - t)b) + /((I - t)a + tb) < [h{t) + h{l - t)] [/(a) + f{b)] . 

Then multiplying both sides of (j2.3|) by t"~^ and integrating the resulting inequality 
with respect to t over [0, 1], we get 

1 
t"-^ [f{ta + (1 - t)b) + /((I - t)a + tb)] dt 



< / t^-'[hit) + h{l-t)][f{a) + f{b)]dt, 
Jo 



(2.4) J^^iJ:^ib) + J^-ia)] 

< [f{a) + fib)] f r-i [h{t) + hil - t)] dt 
Jo 



and thus the first inequality is proved. 



MEVLUT TUNg 



To obtain the second inequality in (|2.ip . by using Holder inequality for the right 
hand side of (12.41). we obtain 



e-'^ [h {t) + h{l~ t)] dt 



< 



(e-'Ydt 







^ap-p+1 



ap—p-\-l 

1 

ap—p+1 

Then using Minkowski inequality 



ih{t) + h{l-t)ydt 



{h{t)+h{l-t)fdt 



{h{t) + h{l-t)ydt 



1 



< 



1 

ap— p+1 

2 



{h{t) + h{l-t))'^dt 



{h{t))UtY + ( f {h{i-t)ydt 



{h{t)fdt 



(ap—p+l\ 

where the proof is completed 



Remark 1. If we choose a = 1 in Theorem 1, we obtain 

' / {x) dx < [f {a) + f (b)] f h{t)dt 



1 



< [/(«) + /W]^ {h{t))Ut 
Corollary 1. (1) If we choose h (A) — X in Remark]^ we get 



1 



b — a 



';„,.</(£)±ZW-/('') + /('» 



D 



^ (g + 1)' 

for ordinary convex functions. 

(2) If we choose h (A) = \ in Remark[l\ we get 

-^ f f{x)dx<2{f (a) + / (&)) 

for P~functions. This inequality is refinement of right hand side of \1.1\) for 
P— functions. 

(3) If we choose h{\) ~ X" in Remark\^ we get 

fia)+fib) ^fia) + fib) 



1 
b ^ a 



f (x) dx < 



s + 1 



< 



(sg + 1)' 



for s— convex functions in the second sense with s € (0, 1] 
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Theorem 4. Let f G SX{h,I), a,b €z I with a < b, h is superadditive on I and 
f G Li[a,b], h G Li[0,l]. Then one has inequality for h~convex functions via 
fractional integrals 



(2.5) 



^iM_ [j^^ (6) + j^_ („)] < l^ [/(«) + f(b)] . 



Proof. Since / G SX{h, I), we have 

fitx + (1 - t)y) < hit) fix) + hil - t)fiy) 

and 

/((I - t)x + ty) < hil - t)fix) + hit)fiy). 
By adding these inequahties we get 

(2.6) fitx + (1 - t)y) + /((I - t)x + ty) < [hit) + hil - t)] [fix) + fiy)] . 
By using (J2.6I) with x — a and y — b and h is superadditive, we get 

(2.7) fita + (1 - t)b) + /((I - t)a + tb) < hil) [/(a) + fib)] . 

Then muhiplying both sides of (|2.7p by t"^^ and integrating the resulting inequahty 
with respect to t over [0, 1], we get 

r-i [fita + (1 - t)b) + /((I - t)a + tb)] dt 



< 



t''-'hil)[fia) + fib)]dt, 



< hil)[fia) + fib)] f t^-'dt. 
Jo 



This completes the proof. 
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Remark 2. // we choose a — I in TheoremVA then 112.5]) reduce to special version 
of right hand side of |J.^[ ). 

Theorem 5. Let h : J C M. ^ M. and f : [a,b] -^ M. be positive functions with 
< a < b and h'^ G Li [0, 1] , / G Li [a, b] . Lf |/'| is an h— convex mapping on [a, b], 
then the following inequality for fractional integrals holds, 



(2.8) 



/ (a) + / (6) r (a + 1) 



< 



2 2 (6 -a) 

(5-a)[|/'(a)| + |/'(6)|] 



ihit))'^dt 



l[j-^fib) + J-_fia)] 



/ 2"P+i - 1 
V2"P+i iap+l) 



ihit))Ut 



1 



2"P+i (ap+ 1) 



where a > 0, p > I and p + q = 1. 
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Proof. From Lemma [1] and using the properties of modulus, we have 



/«.) + /(.) r(" + l)[,-^; ,„ + ,;._;,.,] 



< 



2 

b-a f^ 



2{b-af 
\{l-t)°' -t°'\\f'{ta+{l-t)h)\dt. 



Since |/'| is ft— convex on [a, h], we have 
(2.9) 



/,., + /W r,« + i,j^^,^,,,^^^,^„ 



< 



2{h-af 

[{i-tr-t^][h{t)\r{a)\+h{i~t)\r{h)\]dt 

+ j^ r - (1 - i)1 [h {t) I/' (a)| + ft (1 - t) I/' (&)|] dij 
^|l/'(a)l /'(l-irft(t)di-|/'(a)| f"rh{t)dt 



f'{b)\ / (l-i)"ft(l-i)dt-|/'(fe)| 't°'h{l~t)dt 



+ \r{a)\ eh{t)dt-\r{a)\ {i-trh{t)dt 



+ \f'{b)\ eh{i~t)dt-\f{b)\ {1 ~ tf h {I - 1) dt 



In the right hand side of above inequahty by using Holder inequality for p ^ + q ^ 
1 andp > 1, we get 



{l-tfh{t)dt^ t°'h{l-t)dt< 



2ap+l _ 2 



2"P+i {ap + 1) 



[h{t)]Ut 



{l~tfh{l-t)dt= rh{t)dt< 



2"P+i (ap + 1) 



[ft(ir(it , 



/o 
and 



rft (t) di = / (1 - tf h{l-t)dt< 



1 



2"P+i (ap + 1) 



PI / 2 



[ft(i)]'?d< 



t°'h{l-t)dt^ {l-tfh{t)dt< 



_2"P+i(ap+l) 



[ft(i)]«dt 
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Then using the above inequahties in the right hand side of p.9p . we get 



< ^^<; !/'(«)! 




[h{t)]'^dt 



[h{t)Ydt 



which is the desired result. The proof is completed. 
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